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Abstract
I show that the conventional formulations of lattice domain-wall
fermion with any finite Ns (in the fifth dimension) do not preserve the
chiral symmetry optimally and propose a new action which preserves
the chiral symmetry optimally for any finite Ns.
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The basic idea of domain-wall fermions (DWF) [1, 2] is to use an innite set
of coupled Dirac fermion elds [  s(x); s 2 (−1;1) ] with masses behaving
like a step function m(s) = m(s) such that Weyl fermion states can arise as
zeromodes bound to the mass defect at s = 0. However, if one uses a compact
set of masses, then the boundary conditions of the mass (step) function must
lead to the occurrence of both left-handed and right-handed chiral fermion
elds, i.e., a vector-like theory. For lattice QCD with DWF [3], in practice,
one can only use a nite number (Ns) of lattice Dirac fermion elds to set up the
domain wall, thus the chiral symmetry of the light fermion eld is broken, and
so is the corresponding exact chiral symmetry on the lattice. Now the relevant
question for lattice QCD with DWF is how to construct the couplings between
these Ns lattice Dirac fermion elds such that the exact chiral symmetry can
be preserved optimally, or in other words, the residual mass of the quark eld
is the minimal.







 (x; s)[Dw(x; x
0)s,s′ + x,x′D5(s; s0)] (x0; s0) (1)









[Uµ(x)x′,x+µ − U yµ(x0)x′,x−µ] (3)











[γ5(s′,s+1 − s′,s−1) + 2s,s′ − s′,s+1 − s′,s−1]
= s,s′ − P−s′,s+1 − P+s′,s−1; P = 1
2
(1 γ5): (5)
The boundary conditions are xed by
P+ (x; 0) = P− (x;Ns + 1) = 0 : (6)
The quark elds coupling to the physical hadrons can be constructed from the
left and right boundary modes
q(x) = P− (x; 1) + P+ (x;Ns) (7)
q(x) =  (x; 1)P+ +  (x;Ns)P− (8)
1In this paper, we suppress the lattice spacings (a and a5), as well as the Dirac and color
indices, which can be easily restored.
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Then the quark propagator can be evaluated [5, 6] as
























then the quark propagator (9) is chirally symmetric.
However, for any nite Ns, (9) does not break the chiral symmetry in the
minimal way. In other words, S (10) is not the optimal approximation for the
sign function of H . This can be seen as follows.

































n + pn−1xn−1 +   + p0
qmxm + qm−1xm−1 +   + q0 ; (m  n; pi; qi > 0) (16)
Note that the coecients bl and dl in (14) are independent of (the ratio of
the maximum and the minimum of) the eigenvalues of H2. As it will become
clear later, this feature already rules out the possibility that R(Ns/2−1,Ns/2)(H2)
can be the optimal rational approximation of (H2)−1/2.
According to de la Vallee-Poussin’s theorem and Chebyche’s theorem [7],
the necessary and sucient condition for r(n−1,n)(x) to be the optimal rational
2Here we assume Ns is even.
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polynomial of the inverse square root function x−1/2, 0 < xmin  x  xmax is
that (x)  1−pxr(n−1,n)(x) has 2n+1 alternate change of sign in the interval
[xmin; xmax], and attains its maxima and minima (all with equal magnitude),
say,
(x) = +;−;    ;−;+
at consecutive points (xi; i = 1;    ; 2n+ 1)
xmin = x1 < x2 <    < x2n+1 = xmax :
Now, it is clear that 1 − xR(Ns/2−1,Ns/2)(x2) is non-negative for any x 2
(0;1). Thus 1−xR(Ns/2−1,Ns/2)(x2) does not have any alternate change of sign
for any intervals in 0 < x <1. Therefore we conclude that R(Ns/2−1,Ns/2)(x2)
is not the optimal approximation for (x2)−1/2, and (14) is not the optimal
approximation for the sign function of H . In other words, for any nite Ns,
the domain wall fermion action (1) does not preserve the chiral symmetry
optimally, which in fact underlies the essential diculties encountered in all
lattice QCD calculations with domain wall fermions.
Note that even if one can project out the low-lying eigenmodes of H [8] (or
just the boundary term of the transfer matrix [9]), and transform H into one
with narrower spectrum (i.e., with a smaller ratio 2max=
2
min) such that the
chiral symmetry of (9) is improved, however, in principle, (14) still does not
satisfy the criterion for the optimal approximation of the sign function of H ,
regardless of the spectrum of H .
The optimal rational approximation for the inverse square root function
was rst obtained by Zolotarev in 1877 [10], using Jacobian elliptic functions.
A detailed discussion of Zolotarev’s result can be found in Akhiezer’s two books
[7, 11]. Unfortunately, Zolotarev’s optimal rational approximation has been
overlooked by the numerical algebra community until recent years.
For lattice QCD with DWF, the relevant problem is how to construct a
DWF action such that the operator S in the quark propagator (9) for any






Z is the Zolotarev optimal rational approximation for the inverse


































and 2min and 
2
max are the minimum and the maximum of the eigenvalues of
H2, and the explicit expressions of the coecients d0, d
0
0, cl and c
0
l have been
given in Ref. [11, 12].
Note that 1 − pxR(Ns,Ns)Z (x) has 2Ns + 2 alternate sign changes in the
interval [xmin; xmax], while 1−pxR(Ns−1,Ns)Z (x) only has 2Ns +1 alternate sign
changes in the same interval. Thus, for any given Ns, (18) is a more accurate
approximation to (H2)−1/2 than (19), as discussed in Ref. [12].
Now it is clear that the criterion for the optimal domain wall fermions is
that for any nite Ns, it can reproduce the quark propagator (9) with S in the
form (17), where (H2)
−1/2
Z can be either (18) or (19). However, it seems that
even if one knows how to obtain the (gauge eld dependent) couplings between
these Ns flavors, one can at best have the optimal rational approximation of
(H2)−1/2 to the order of R(Ns/2−1,Ns/2)Z , rather than R
(Ns−1,Ns)
Z . This can be
seen as follows.
Suppose one had constructed an optimal domain wall fermion action such







where the weights f!sg are supposed to be expressed in terms of the coe-
cients d00 and fc0lg of the Zolotarev optimal rational polynomial (19). Then the
operator S (10) becomes3




















where the parameters f!sg can be solved in terms of the coecents d00 and fc0lg
of the Zolotarev optimal rational polynomial. Evidently, the highest degree
Zolotarev rational polynomial one can construct from DWF with Ns flavors
is only R
(Ns/2−1,Ns/2)
Z , rather than R
(Ns−1,Ns)
Z . Nevertheless, even for this goal,
3Note that one does not have the option to put different weights for H in the numerator
and the denominator of (21), since the optimal rational approximation of the sign function
of H is equal to H times the optimal rational approximation of (H2)−1/2.
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it seems to be nontrivial to implement the weights f!sg into the domain-wall
fermion action (1) such that (22) can be reproduced.
Instead of working with the domain wall fermion action (1), I consider one
of its variants [13], which diers from (1) by replacing x,x′D5(s; s
0) with
D5(x; s; x
0; s0) = s,s′ − (Dw − 1)P−s′,s+1 − (Dw − 1)P+s′,s−1: (23)
Then the quark propagator can be evaluated [9] as
hq(x)q(y)i = 1− γ5S
1 + γ5S (24)
where
S = 1− T




; Hw = γ5Dw (26)







then the quark propagator (24) is chirally-symmetric.
Evidently, S (25) is not the optimal approximation for the sign function of
Hw for any nite Ns, the argument is the same as the case of S (10). Therefore
(24) does not break the exact chiral symmetry in the minimal way.
In view of (22), now it is clear how to construct the optimal domain wall






 (x; s)[(!sDw(x; x
0) + 1)s,s′ − (!sDw(x; x0)− 1)P−s′,s+1
−(!sDw(x; x0)− 1)P+s′,s−1] (x0; s0) (28)
where the weights f!−1s g are the Ns roots of
Z(x) = 1− xR(Ns/2−1,Ns/2)Z (x2) = 0 ; (29)






min are the maximum and
the minimum of the eigenvalues of H2w. (Recall that Z(x) has Ns +1 alternate
sign changes in the interval [1; 2max=
2





Then the quark propagator becomes
hq(x)q(y)i = 1− γ5Sopt
1 + γ5Sopt (30)
where





























Since the chiral symmetry of (24) is equivalent to S2 = 1, its breaking due
to a nite Ns can be measured in terms of the deviation











Thus, for any given gauge conguration, one can use the theoretical upper
bound4 to determine what values of Ns and b (i.e., how many low-lying eigen-
modes of H2w should be projected out) are required to attain one’s desired
accuracy in preserving the exact chiral symmetry. In practice, with Ns = 32,
one should have no diculties to achieve Z < 10
−12 for any gauge congura-
tions on a nite lattice (say, 163  32 at  = 6:0).
It is simple to incorporate the bare quark mass (m) by adding the following
terms (up to a multiplicative normalization constant depending on m0)
−m∑
x,x′
[  (x; 1)(!1Dw(x; x
0)− 1)P+ (x0; Ns)
+  (x;Ns)(!NsDw(x; x
0)− 1)P− (x0; 1)] (33)
to the optimal DWF action (28), and to change the boundary conditions to
P+ (x; 0) = −mP+ (x;Ns); P− (x;Ns + 1) = −mP− (x; 1) : (34)
Now it is interesting to compare the optimal domain-wall fermion (28) with
the overlap Dirac fermion [14, 15], in particular, if one uses Zolotarev optimal
rational approximation for (H2w)
−1/2 in the overlap. For quenched lattice QCD,
I expect that both schemes have roughly the same performance in computing
the quark propagators, in terms of the speed, the accuracy, and the precision
4Formulas and numerical tables of the theoretical upper bound are given in Ref. [12].
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of exact chiral symmetry. However, for lattice QCD with dynamical quarks,
the optimal DWF can be implemented5 mostly in the same way as dynamical
Wilson quarks, thus it seems to be more accessible than dynamical overlap
Dirac quarks6.
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6Note that the alternative to DWF as proposed in Ref. [16] can be easily optimized by
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